NOVEMBER 1971

tions into Eqgs. (9) and (10) will yield the same frequency equa-
tion as Eq. (24).

As pointed out in Ref. 1, the effect of rotatory inertia is
small and can be neglected in primarily flexural vibration so
that on setting & = 0 in Eq. (24) yields,

Q2 = Q¢ = 6,4[1/(1 + BO2) + (6/2)] (25)

The corresponding result for the straight Bernoulli-Euler
beam is Q¢ = 6% The first term in Eq. (25) corresponds to
Eq. (27) of Ref. 1, where, in the present paper the total span
is taken as 2L. Note that the curvature correction in Eg.
(25) is independent of the transverse shear correction and the
beam span. A perturbation analysis involving Eq. (24),
where [ is regarded as a small parameter gives a first-order
correction for rotatory inertia as follows:

Q2 = Q21 — @h2/(1 + B&H?] + 0(F (26)

where Q2 is given by Eq. (25). Equation (25) also shows that
initial curvature becomes important when § = H2/r? = 0(1),
or when the rise H, is of the order of the thickness A, of the
beam. For a rectangular cross section (r? = h?/12) beam,
take E/G = 50, h/2L = 5, and H/h = %, so that Eq. (25)
yields the result 2 = 6;*(% + &) = 6:*(25/24), which demon-
strates that even the very slight rise of H/h = % is sufficient
to cancel the transverse shear effect. In this example g =
h2/12L2 = 0.0033 which is indeed small compared to unity,
so that neglect of rotatory inertia was justified.
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Generalized Finite-Element Method
for Compressible Viscous Flow

WeN-Hwa Cru*
Southwest Research Institute, San Antonio, Texas

N Ref. 1, Oden derived the generalized finite-element
analogue of the Navier-Stokes equations without a vari-
ational principle from the energy concept, neglecting thermal
effects. Hence he is short of a finite-element analogue for the
energy equation in his method. It is the purpose of this
Note to derive the generalized finite-element analogue of the
Navier-Stokes equations and the energy equation from the
residual point of view, while continuity and the equation of
state will be omitted for brevity.
Consider the Navier-Stokes equation in Cartesian tensor;

ie.,
ow; ow; bpw _

Following Oden, express every variable in terms of its nodal
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value of an element dv. For instance,
p = pu¥u(X), wi = we¥e(x), B = Rs¥s(x) (2

where R is the residual and W, Wq, Vs may be the same “inter-
polation function” ¥(x). Summation is implied for every re-
peated subscript or superseript in each term. M, Q, S, ete.,
refer to the nodes, while ¢,7 refer to the vector components.
Integrating Eq. (1) with respect to dv of an element, v,
with weighting function ¥y(x), one obtains for the Nth node

PuWQireN + PrWrWeboojeMRON —
Jri + f(e) Dij %‘PN dv = asyRsi = 0 (3)
where variables are nodal values
aron = S War(x) Wo(x) ¥y (x)dv (4a)
booso™ RN = f,© Wy (X)Wr(x)Wo,;(X)Tn(x)dx  (4b)
= J,© F¥y@)dv + [, pin,¥y(x)dS ®)

w2 b+ (bw’ + bw") ©)

s 2
Pik pow— 3 ox; oz ox;

For illustration, constant thermal physical constants will be
assumed. Thus, one has

Jo© pi;Q¥n/02,)dv = f,© pir(Q¥x/dxi)dv = —préubi¥T —
Fuwribip® Vo + pwedu® + pweba®y  (7)

where
biVT = [, Wy Wrdy, btV = [ Vg Uyudo (8a,b)
bV = f 0 Wy, Wy idv (8c)

It is assumed that asy is nonsingular, which can be checked
in each case, then the nodal values of residual are zero, as are
the interpolated residual inside the element. Equation (3) is
in agreement with the Navier-Stokes equation analogue de-
rived by Oden, if ¥, is taken as unity and p» = p for incom-
pressible flow.

Similarly, the energy equation negleeting radiation is (Ref.
2)

o] T
—Q+<I>+—(K§—> < +w,ae>+
z o}

ZL:Z =0 (9
where
& = ¢;;/'0wi/0x;, 01’ = 2pes; + NOw;/dz;  (10a,b)
ei; = 5[(Qw:i/dz;) + (Ow;/dz)], N = —%u  (10¢,d)
de =Cdt,C =0C, (11a,b)

Integrating Eq. (9) with the weighting function ¥z(x) over
the element »©, one finds

aHRQH + (b EPREWLW pi + by oMPRW 3 ;W) +
Nb;i8PEW ¢; Wi + [0, @ rk(OT/0x;)n;dS — by Bk Ty —
puvCTxanve — puTaWpbojeo?PE + p,Wpjbojo" PR =

aseRs: = 0 (12)

where b’s and a’s are defined analogous to Eqgs. (4a) and (4b),
respectively.

Including the analogues of the equation of state and the
continuity equation does not complete the formulation for the
generalized finite-element method, since there is no vari-
ational principle and there are more nodes than elements, in
general. But there are more integrated equations than there
are unknowns; the equations are applied to the boundary
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nodes, with utilization of the boundary conditions (Ref. 3).

However, the problem is closed if we take the arithmetic
average of equations at the nodes. One obtains a valid equa-
tion at each node, as the resultant equation remains an inte-
grated differential equation with a weighting function. Then
the total number of equations and unknowns are both the
number of nodes times the number of equations at each node.
This completes the formulation.

In conclusion, it is noted that the advantage of a finite-ele-
ment method lies in its flexibility in fitting a curved boundary.
Whether the present formulations will be of practical value
remains to be tested by actual programing of some examples.
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Accuracy of Donnell’s Equations for
Noncircular Cylinders

8. L. Lucas* anp R. L. DAUGHERTYT
Unaversity of Delaware, Newark, Del.

ANY papers have considered the stresses and displace-
ments of noncircular eylindrical shells with a variety of
edge conditions. Kempner et al.'~% have considered the cases
of oval cylinders under lateral pressure for simply supported,
clamped, and ring-reinforced end conditions where the radius
of curvature relation for the oval cross section stated by
Marguerre® was used as well as equations of the Donnell type.
Basuli’ presented a solution using Donnell type equations
with the radius of curvature varying exponentially. Tt has
been shown by Kempner,? Hoff,? and Morley,® however, that
the results for circular cylinders when the Donnell equations
are used are good only if the cylinder is short. Nevertheless,
as Kraus has pointed out,! the accuracy of Donnell’s assump-
tions for nonecircular cylinders has not been assessed. 1tisthe
purpose of the present Note to perform this assessment.

Governing Equations

To investigate the applicability of the Donnell equations
when considering noncircular cylindrical shells, the solution
found using the equations of the Love-Reissner type will be
compared with that obtained using the Donnell equations.
The particular case considered for this comparison is an oval
eylindrical shell that is simply supported at the edges and has
a radius of curvature of the form stated by Marguerres:

1/r = A/r.)(1 + & cosdms/L,) 1)

where 7(s) is the radius of curvature of the cross section; 7, is
the radius of the circle whose perimeter is L,, the perimeter
of the oval cross section; and £ is the parameter that deter-
mines the noncircularity of the oval. To preclude the con-
cave outward case, 0 < £ < 1. The coordinate system used
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for such shells is z, s, z where 2 is in the axial direction, s is in
the circumferential direction, and z is the outward normal to
the middle surface of the shell, as shown in Fig. 1.

The governing equations for thin eylindrical shells can be
reduced to three involving u, v, and w—the translations of the
middle surface of the shell in the z, s, and z directions, respec-
tively. These equations are

oy 1 — v\ o 1+»\ oW v Jw
w“( 3 )asz+< 2 >axas+7¥‘0

(2a)
(0%/0s?) + [(1 — »)/2]10%/0z? + [(1 + »)/2](0%u/dzds) +
(0/3s) (w/r) + (1/r)(h2/12){(@%/0s?) (v/r) + (1/r) X
[A — »)/2](d%/02%) — (Q%w/ds?) — (D*w/dzWs)} =0 (2b)
Vaw + (1/r)(12/h%) [»(0u/0x) + (dv/0s) + (w/r)] —
(0%/0s%) (v/r) — (0/08)[(1/7)(0%/0a%)] =
—129(1 — v¥/ER® (2¢)

when only a uniform lateral external pressure loading ¢ is
considered and where » is the Poisson’s ratio of the material,
E is its Young’s modulus, and 4 is the shell thickness. V4is
the biharmonic operator.

These equations can be reduced to those attributed to Don-
nell by assuming that: 1) the transverse shear resultant
makes a negligible contribution to the equilibrium of forces in
the circumferential direction, and 2) the displacement v
negligibly affects the changes in curvature and twist due to
the loading. When these two assumptions are made, the
three governing equations reduce to!!

oMy 1 — v\ J% 1+ v\ o% v ow
bx2+< 2 )as2+( 2 >axas+r5%“_0
(3a)

0% 1 -\ o% 1+ v\ 0% o fw) _
bsg—*_( 2 >bx2+< 2 )maﬁ&(?)‘o
(3b)

_2fow o w1201 — )
Viw = <V or Tos T r>_ En? (30)

Solution

To compare the two sets of equations—those of the Love-
Reissner type with those of the Donnell type—a simply
supported oval cylindrical shell is analyzed in detail. The
boundary conditions at z = 0 and = L for such a situation
are

w =9 = ou/0r = dw/dq? = 0 @
With these boundary conditions, the solutions for the dis-
placements can be assumed to be of the form

A mnrx nms
COS—— COS
mn T Lo

u ® w 2
_ qro . mwx . nws
§ v s = Z Z ( Eh> B, sm—L sin i

m=13,... n=0,4,...

mmx nmws

Cmn SIIIT OOS'L—
®)
when the loading is expanded in the form:
12¢(1 — »?) il gro2 \[ 48(1 — »¥)7] . mmx
BT X (Eh wiere | ©
m=1,0,...

Because of the noncireularity of the cross section, it is not
possible to assume an exponential form of solution and com-
pare the roots of the complementary equation as was done for
the circular cases—1t Therefore, the method of solution is to
substitute the assumed solutions in Egs. (2) and (3)
and, using Eq. (1) for the radius of curvature relation, solve



